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Abstract. Due to both systematic and turbulent induced ver-
tical ﬂuctuations, the interpretation of atmospheric aircraft
measurements requires a theory of turbulence. Until now vir-
tually all the relevant theories have been isotropic or “quasi
isotropic” in the sense that their exponents are the same in
all directions. However almost all the available data on the
vertical structure shows that it is scaling but with exponents
different from the horizontal: the turbulence is scaling but
anisotropic. In this paper, we show how such turbulence can
lead to spurious breaks in the scaling and to the spurious ap-
pearance of the vertical scaling exponent at large horizontal
lags.
We demonstrate this using 16legs of Gulfstream 4aircraft
near the top of the troposphere following isobars each be-
tween 500 and 3200km in length. First we show that over
wide ranges of scale, the horizontal spectra of the aircraft al-
titude are nearly k−5/3. In addition, we show that the altitude
and pressure ﬂuctuations along these fractal trajectories have
a high degree of coherence with the measured wind (espe-
ciallywithitslongitudinalcomponent). Thereisalsoastrong
phase relation between the altitude, pressure and wind ﬂuc-
tuations; for scales less than ≈40km (on average) the wind
ﬂuctuations lead the pressure and altitude, whereas for larger
scales, the pressure ﬂuctuations leads the wind. At the same
transition scale, there is a break in the wind spectrum which
we argue is caused by the aircraft starting to accurately fol-
low isobars at the larger scales. In comparison, the tempera-
ture and humidity have low coherencies and phases and there
are no apparent scale breaks, reinforcing the hypothesis that
it is the aircraft trajectory that is causally linked to the scale
breaks in the wind measurements.
Correspondence to: S. Lovejoy
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Usingspectraandstructurefunctionsforthewind, wethen
estimate their exponents (β, H) at small (5/3, 1/3) and large
scales (2.4, 0.73). The latter being very close to those esti-
mated by drop sondes (2.4, 0.75) in the vertical direction.
In addition, for each leg we estimate the energy ﬂux, the
sphero-scale and the critical transition scale. The latter varies
quite widely from scales of kilometers to greater than sev-
eral hundred kilometers. The overall conclusion is that up
to the critical scale, the aircraft follows a fractal trajectory
which may increase the intermittency of the measurements,
but doesn’t strongly affect the scaling exponents whereas
for scales larger than the critical scale, the aircraft follows
isobars whose exponents are different from those along iso-
heights (and equal to the vertical exponent perpendicular to
the isoheights). We bolster this interpretation by considering
the absolute slopes (|1z/1x|) of the aircraft as a function of
lag 1x and of scale invariant lag 1x/1z1/Hz.
We then revisit four earlier aircraft campaigns including
GASP and MOZAIC showing that they all have nearly iden-
tical transitions and can thus be easily explained by the pro-
posed combination of altitude/wind in an anisotropic but
scaling turbulence. Finally, we argue that this reinterpreta-
tion in terms of wide range anisotropic scaling is compatible
with atmospheric phenomenology including convection.
1 Introduction
Aircraft are commonly used for high resolution studies of the
dynamic and thermodynamic atmospheric variables and they
are indispensable for understanding the statistical structure
of the atmosphere in the horizontal direction. However, air-
craft cannot ﬂy in perfect horizontal straight lines, indeed re-
cently (Lovejoy et al., 2004), it was shown that NASA’s ER-2
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stratospheric plane can have fractal trajectories. This means
that the mean absolute slope increases at smaller and smaller
scales being cut off only by the aircraft inertia. For the ER-2,
the fractality of the trajectory could be traced to a combi-
nation of turbulence and the plane’s autopilot which kept the
planenearaconstantMachnumberof0.7, effectivelyenforc-
ing long range correlations between the wind and the aircraft
altitude.
The interpretation of such data requires assumptions about
the turbulence and the mainstream turbulence theories are
virtually all isotropic – or at least “quasi isotropic”, i.e. with
at most “trivial” (scale independent) anisotropies – whereas
on the contrary the atmosphere apparently displays “scaling
anisotropy”. To understand what this means, denote by 1v
the ﬂuctuation in a turbulent quantity v. “Horizontal scaling”
means that over a horizontal lag 1x; 1v=ϕh1xHh whereas
“vertical scaling” means that over a vertical lag 1z, 1v =
ϕv1zHv (ϕh, ϕv are turbulent ﬂuxes, Hh, Hv are scaling
exponents). Strict (statistical) isotropy implies ϕh=ϕv and
Hh=Hv. However, if Hh=Hv but ϕh6=ϕv the system is only
“quasi-isotropic”or“triviallyanisotropic”(structuresmaybe
ﬂattened in the vertical but the mean aspect ratio of vertical
sections is independent of scale). “Scaling anisotropy” refers
to the much stronger (scale by scale, differential) anisotropy
which is a consequence of Hh6=Hv; when Hh<Hv structures
become progressively ﬂatter at larger and larger scales (see
Sect. 3 for more details).
If the mainstream theories are correct and Hh=Hv=H,
then neither the fractality nor a nonzero aircraft slope is
of much consequence for the statistics of the ﬂuctuations,
the unique exponent H can be estimated without difﬁculty.
However, if on the contrary the turbulence is anisotropic with
differentturbulentexponentsinthehorizontalandverticaldi-
rections(Hh6=Hv)thentheinterpretationmaybequitediffer-
ent. Indeed such scaling anisotropy is essentially the main-
stream position of the experimentalists who have examined
the vertical structure with “Jimspheres”, radar, radiosondes
or drop sondes (Adelfang, 1971; Endlich et al., 1969; Van
Zandt, 1982; Fritts and Chou, 1987; Schertzer and Lovejoy,
1985b; Dewan and Good, 1986; Dewan, 1997; Lazarev et al.,
1994; Tsuda et al., 1989; Gardner et al., 1995; Lovejoy et al.,
2007, 2009c; see the review in Lovejoy et al., 2008; Lilley et
al., 2008; Radkevitch et al., 2008). For example, in the ER-2
case, the fractality of the trajectories leads to anomalous tur-
bulent exponents while the existence of small nonzero slopes
can lead to spurious transitions from the true horizontal ex-
ponents (Hh) at small scales to the different vertical expo-
nent (Hv) at large horizontal scales with the two separated
by a spurious scale break. Lilley et al. (2008) re-examined
two of the best known experimental estimates of horizontal
wind spectra – the GASP and MOZAIC experiments (Nas-
trom and Gage, 1983, 1985; Nastrom et al., 1984; Gage and
Nastrom, 1986; Lindborg, 1999; Lindborg and Cho, 2001)
– and showed that they can readily be explained – i.e. both
their small and large scale regimes – by the single wide range
scaling 23/9 D anisotropic turbulence predicted by Schertzer
and Lovejoy (1985b). Below (Sect. 5) we extend this re-
evaluation of past measurement campaigns to include those
of Gao and Meriwether (1998) (at 6km) and Bacmeister et
al. (1996) (stratosphere, 73 ER-2 ﬂights) and show that they
also readily ﬁt into this anisotropic but scaling framework.
Today, the use of state-of-the-art high resolution lidar (Lil-
ley et al., 2004) and drop sondes (Lovejoy et al., 2007), has
all but proved that the vertical is scaling but with nonstan-
dard exponents. The latter paper is particularly relevant here
because it used drop sondes dropped by a Gulfstream 4 air-
craft during the month-long Winter Storm 2004 experiment
whose simultaneous horizontal aircraft legs are analyzed be-
low. Using 237 drop sondes at roughly 5m resolution in
the vertical, over 2700 scaling exponents for the horizontal
wind were estimated and exponents near the classical values
1/3, 1 (the Kolmogorov value and that predicted by quasi-
linear gravity wave theories respectively, see below) were
only obtained in half a dozen cases, with the mean slowly
increasing from the (Bolgiano-Obukhov) value 3/5 near the
surface to ≈0.75 at higher altitudes. Similarly, Lovejoy et
al. (2009c) and Hovde et al. (2009) used the same sondes to
determine the corresponding vertical exponents for temper-
ature, pressure, humidity, potential temperature, equivalent
potential temperature and air density showing that none had
the exponents predicted by classical isotropic theories of tur-
bulence. Note that here and below, reference to Kolmogorov
and Bolgiano-Obukhov exponents in no way implies that the
original Kolmogorov or Bolgiano-Obukhov isotropic theo-
ries are valid; at best, only that their anisotropic generaliza-
tions may be (see Schertzer and Lovejoy, 1985a and Tuck,
2008 for a discussion of anisotropic turbulence in the context
of ﬂuid mechanics).
If – as these studies suggest – the turbulence really is
anisotropic with different horizontal and vertical exponents,
then one must ﬁnd new ways to interpret the aircraft mea-
surements and to estimate the true statistics and horizon-
tal exponents. While this was partially accomplished in the
Lovejoy et al. (2004) study of the special ER-2 stratospheric
aircraft, it is important to generalize the results and test them
on the somewhat different tropospheric aircraft data which
attempt to follow isobars rather than isomachs (surfaces of
constant Mach number). The goal of this paper is therefore
to argue that data from isobaric aircraft ﬂights – especially
of the horizontal wind – need to be reinterpreted as a con-
sequence of anisotropic scaling combined with wind/aircraft
interactions. In a new paper, Lovejoy et al. (2009b), we at-
tempt to go beyond this to exploit this new interpretation to
quantitatively show how the statistics of the basic wind, tem-
perature and humidity ﬁelds can be explained by planetary
scale multiplicative cascade processes and we estimate the
corresponding exponents.
This paper is structured as follows: in Sect. 2 we discuss
the salient features of the data, in particular the slopes as
functions of scale. In Sect. 3, we develop some theory to help
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interpret anisotropic turbulence measurements. In Sect. 4,
we apply these to the data leg by leg and develop a new joint
(1x, 1z) analysis technique, in Sect. 5 we re-examine sev-
eral past aircraft measurement campaigns and in Sect. 6 we
conclude.
2 The data
2.1 The ﬂight legs, the aircraft slopes (“pitch”)
The Winter Storms 2004 mission was planned by NOAA un-
der the aegis of the National Center for Environmental Pre-
diction to investigate the genesis of storms in the Paciﬁc im-
pacting the west coast of North America. It did so by using
targetedobservations: theday’sﬂightplanfortheGulfstream
G4 aircraft was constructed on the basis of the operational
forecast, to drop sondes in the areas that would yield the
greatest improvement to the eventual forecast and analysis of
the storm’s evolution. Given the modus operandi in the area
of operation in the ﬁrst three months of the year, one would
expect to encounter cyclonic conditions and jet streams fre-
quently. The scaling behaviour, the wind shears and jet
stream characteristics on such targeted ﬂights were indis-
tinguishable from those on the three ferry ﬂights Honolulu-
Anchorage-Long Beach-Honolulu. More detailed informa-
tion can be found in Hovde et al. (2009), in Ray et al. (2004)
and in Koch et al. (2005).
The Winter Storms 2004 data analysed here involved
10aircraft ﬂights over a roughly 2week period over the
northernPaciﬁceachdropping20–30dropsondes. Theplane
ﬂew along either the 162, 178, or 196mb isobars, to within
standard deviations of ±0.11mb (i.e. the pressure level was
≈constant to within ±0.068%), see Fig. 1a. Each had
one or more roughly constant straight and constant altitude
legs more than four hundred kilometers long between 11.9,
13.7kmaltitude (see Table1 for details, see Fig. 1b forall the
trajectories, and 1c for a blow-up showing the relation of the
trajectories and the horizontal wind). The data were sampled
every 1s and the mean horizontal aircraft speed with respect
to the ground was 280m/s. In addition, we checked that the
standard deviation of the distance covered on the ground be-
tween consecutive measurements was ±2% so that the hor-
izontal velocity was nearly constant (in addition, using in-
terpolation, we repeated the key analyses using the actual
ground distance rather than the elapsed time and found only
very small differences).
The horizontal and vertical winds for the G4 are calcu-
lated by solving for the difference of inertial ground speeds
in three-dimensions and the ﬂow angle measurements from
various sensors. In the short term the Inertial Navigation
System (INS) measurements of ground speed are much less
noisy than ground speeds taken from GPS positions. While
it is possible to smooth the GPS information to gain smooth
ground speeds, that has not been done here; the INS data
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Finally, in a new paper [Lovejoy et al., 2009b] we take a closer look at the scale 
by scale behaviour of the statistics isolating the contribution of turbulent intermittency to 
the overall variability.  This analysis shows that the aircraft altitude is extremely 
intermittent for scales smaller than ≈ 40 km but is much less so for the larger scales.  This 
reinforces the picture developed above: the turbulence strongly affects the measurements 
at the smaller scales whereas at the larger scales, the aircraft closely follows the 
(relatively smooth) isobars.  According to this interpretation, the small scale fractality of 
the trajectories – while possibly increasing the intermittency ({Lovejoy, 2009 #1105}) - 
does not seriously bias the small scale wind spectrum which approximates that of an 
isoheight.  However, at the larger scales, we obtain the different isobaric spectrum (which 
below we argue is the same as the vertical spectrum). 
 
 
 
 
Fig. 1a: The pressure as a function of horizontal position for legs analyzed in this 
paper.  For clarity, the deviations from the minimum pressure are displaced in the vertical 
by 0.5mb per curve. The black sections indicate the short legs.  The absolute pressures 
were all between 162 and 196 mb. 
 
Fig. 1a. The pressure as a function of horizontal position for legs
analyzed in this paper. For clarity, the deviations from the minimum
pressure are displaced in the vertical by 0.5mb per curve. The black
sections indicate the short legs. The absolute pressures were all
between 162 and 196mb.
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Fig. 1b; The altitude as a function of horizontal position for legs analyzed in this 
paper.  For clarity, the deviations from the minimum altitude are displaced in the vertical 
by 100 m per curve. The black sections indicate the short legs. 
 
Fig. 1b. The altitude as a function of horizontal position for legs
analyzed in this paper. For clarity, the deviations from the minimum
altitude are displaced in the vertical by 100m per curve. The black
sections indicate the short legs.
have been used. It is not clear whether the INS has slower re-
sponse than the GPS, or whether the latter’s high frequency
variability is really “noise” or atmospheric variability. There
are no corrections of the position of the inertial platform
(near the cockpit) to the aircraft centre of gravity (back to-
ward the trailing edge of the wing, probably 10m aft of the
INS platform).
Since the criterion for a “straight ﬂat leg” was somewhat
subjective, we used two different deﬁnitions; one which was
not so conservative which used 16 straight and ﬂat sections
(“legs”) constant to within ±450m in the altitude and a
smaller subset with altitudes to within ≈ ±150m of a ﬁxed
level (see Fig. 1a and b for the distinction). In the end, we
did not ﬁnd signiﬁcantly different behaviour and the longer
legs had the advantage of extending some of our analyses out
to distances greater than 3200km.
As can be seen, in spite of the attempt to use constant al-
titude legs, it was not quite constant because the pressure
levels tended to rise or fall; we see that there is a mean
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Fig. 1c: This shows four blow ups of factor 8 starting at the upper left, then upper 
right, lower left, lower right.  Green shows the deviations of z from the 12700 m of the 
altitude of the aircraft, (in m) but divided by 8, 4, 2, 1 respectively.  The red shows the 
variation in the longitudinal component of the horizontal velocity (in m/s, deviations from 
24.5 m/s), and the blue is the transverse component (in m/s, deviations from 1.2 m/s). 
This is for leg 15, but was typical. 
 
  
 
Fig. 1c. This shows four blow ups of factor 8 starting at the upper left, then upper right, lower left, lower right. Green shows the deviations of
z from the 12700m of the altitude of the aircraft, (in m) but divided by 8, 4, 2, 1 respectively. The red shows the variation in the longitudinal
component of the horizontal velocity (in m/s, deviations from 24.5m/s), and the blue is the transverse component (in m/s, deviations from
1.2m/s). This is for leg 15, but was typical.
Table 1. This compares the various characteristics of the 16 nearly
straight, ﬂat legs considered in this paper. The column Max(1z) is
the difference in altitude between the highest and lowest points on
the leg, 1xc is the critical scale beyond which the vertical exponent
dominates the horizontal (Eq. 9) (here estimated as the geometric
mean between the longitudinal and transverse values using regres-
sions on Eq. 11). For legs 2 and 7, the transition was not attained
over the entire leg so that only a lower bound is given. We also give
the energy ﬂux ε and the sphero-scale ls are determined by Eq. (12),
and the effective dimensionless slope seff from Eq. (13). The hori-
zontal shear is the mean for the long legs at horizontal distance half
the total distance.
Leg Short Short Long Long 1xc seff ε Shear ls
no. Length Max Length Max ×104 ×106
(1z) (1z) (m2
(km) (m) (km) (m) (km) s−3) (s−1) (m)
1 2100 72 2100 72 12.4 0.02 0.3 7.3 0.04
2 1248 83 1248 83 >1200 0.2 4.9
3 1136 44 2496 69 84 0.01 40. 20.4 0.14
4 1988 285 3348 737 108 0.008 0.2 9.0 0.05
5 1136 267 2044 631 12.8 0.02 0.4 21.3 0.07
6 908 89 1476 260 7.6 0.02 0.2 8.1 0.03
7 568 19 568 19 >400 0.3 20.9
8 1136 84 1588 206 30.4 0.01 1.2 46.4 0.08
9 2924 100 2924 100 384 0.008 30. 6.6 0.09
10 1276 32 2272 172 40 0.02 40. 7.2 0.25
11 568 229 2980 899 100 0.01 0.4 10.1 0.10
12 568 203 3292 883 260 0.007 0.4 8.4 0.13
13 1532 308 1532 308 52 0.02 0.2 9.9 0.60
14 1704 204 3408 597 64 0.01 0.5 6.8 0.09
15 1648 57 2780 191 3.6 0.03 5. 8.0 0.11
16 852 46 1844 178 48 0.01 2.0 5.8 0.05
slope (“pitch”) of about 0.12m/km; this was typical for an
entire leg. However, this overall estimate is obviously a very
crude characterization; indeed in Lovejoy et al. (2004) it was
argued that the ER-2 stratospheric aircraft with special au-
topilot had a fractal trajectory:
Sz(1x) = h|1z(1x)|i ≈ a1xHtr (1)
where a is a constant, 1z(1x) is the altitude change over
a horizontal lag 1x, “<>” indicates ensemble (statistical)
averaging and Sz (1x) is the (ﬁrst order) “structure func-
tion”. For the ER-2 it was found that Htr≈0.55 with an inner
(smoothing) scale of about 3km (as a consequence of aircraft
inertia smoothing of the otherwise large slope variations) and
an outer scale of the fractal regime at about 300km due to the
slow rise (≈1m/km) of the aircraft due to its fuel consump-
tion; the ER-2 roughly followed isomachs rather than iso-
bars. The fractal dimension of the trajectory is Dtr=1+Htr;
for the ER-2, Dtr≈1.55. In order to get a better idea of
the typical slopes (s) as functions of scale, for each of the
16 short “legs” we estimated
h|s(1x)|i=
h|1z|i
1x
=Sz(1x)/1x=a1xHs ; Hs=Htr−1 (2)
these are shown in Fig. 2. From the ﬁgure we see that the
steepest mean slopes are at the smallest scales and vary from
about 0.6 to 1.2m/km. It appears that for lags (1x) greater
than ≈3km, the slopes follow a suggestive fractal 1xHs law
with Hs=−2/3 which would result if the vertical displace-
ment was proportional to the ﬂuctuation in the horizontal
wind speed, 1z∝1v and if the latter follow a Kolmolgo-
rov law in the horizontal h|1v (1x)|i ≈ ε1/31x1/3 (ε is the
turbulent energy ﬂux; we conﬁrm this below). Since the lift
and drag forces depend on the horizontal wind, a relation of
the type 1z∝1v for perturbations is not implausible. If this
explanation is correct, the deviations for 1x<3km would
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Fig. 2:  This shows the mean dimensionless slope ( s Δx ( ) , eq. 2) as a function of scale 
for each of the 16 legs.  For reference, we show in black the line s ≈ Δx
-2/3 corresponding 
to Htr =1/3.   The structure function S was estimated by averaging over all disjoint lags.  
Since the number of such lags decreases with increasing Δx, the statistics are not so good 
for the large Δx; those for lags > Δxmax/2 are based on essential a single atmospheric 
structure and are not shown.  The dashed horizontal line is the mean slope at the half 
trajectory point (i.e. the mean over all trajectories of s(Δxmax/2) = 1.2X10
-4). 
Fig. 2 . This shows the mean dimensionless slope (h|s(1x)|i,
Eq. 2) as a function of scale for each of the 16legs. For reference,
we show in black the line s≈1x−2/3 corresponding to Htr=1/3.
The structure function Sz was estimated by averaging over all dis-
joint lags. Since the number of such lags decreases with increas-
ing 1x, the statistics are not so good for the large 1x; those for
lags> 1xmax/2 are based on essentially a single atmospheric struc-
ture and are not shown. The dashed horizontal line is the mean
slope at the half trajectory point (i.e. the mean over all trajectories
of s(1xmax/2)=1.2×10−4).
be the result of aircraft inertia smoothing an otherwise even
“rougher” trajectory. At large enough lags in Fig. 2 we see
thateachtrajectorytendstoaroughlyconstantmeanabsolute
slope, although the lag and slope at which this occurs varies
greatly from one trajectory to another from about 8km to –
in some cases – greater than the maximum i.e. >2000km.
These large 1x, “asymptotic” mean slopes – when they are
attained – vary from about 0.3m/km to <0.1m/km; these
are roughly constant mean absolute slopes and reﬂect the
large scale slopes of the isobars. The sequence of blowups in
Fig. 1c shows that there is indeed some visual evidence for
altitude/velocity correlations, particularly with the longitudi-
nal component of the wind although it is subtle; see below.
The situation is therefore somewhat different from that of the
ER-2 trajectories, being controlled by the isobars rather than
the isomachs.
2.2 Spectral analysis
To corroborate this interpretation further, we refer the reader
to Fig. 3a which shows the spectra of the altitude z for each
long leg. For clarity, the spectra are displaced in the verti-
cal and have been normalized or “compensated” by divid-
ing by the theoretical Kolmogorov spectrum (k−5/3). Flat
regions thus have spectra ≈k−5/3. In addition, in order to
show the behaviour more clearly – with the exception of the
lowest 10wavenumbers – we have averaged the spectrum
over logarithmically spaced bins, 10 per order of magnitude
(we also used a standard Hanning window). It can be seen
that at k >(3km)−1 that the spectrum is particularly steep
corresponding to smooth behaviour (presumably due to the
 6/22/09  14 
 
Fig. 3a:  The horizontal spectrum of the altitude for each of the legs (1- 16 bottom to top, 
each displaced by an order of magnitude for clarity).  In order to see the trends more 
clearly, for k>10, the spectra were averaged over 10 bins per order of magnitude in 
wavenumber.  The spectra are compensated by dividing by k
-5/3 so that the flat regions 
follow a Kolmogorov k
-5/3 law corresponding to a Δx
-2/3 law for the slope in fig. 2.  The 
Kolmogorov law is found to hold well except at the lowest wavenumbers.  The units of 
the wavenumbers are (km
-1) the highest wavenumber corresponds to 2 samples, i.e. 2 s or 
560 m.   
Fig. 3a. The horizontal spectrum of the altitude for each of the
legs (1–16 bottom to top, each displaced by an order of magni-
tude for clarity). In order to see the trends more clearly, for k>10,
the spectra were averaged over 10bins per order of magnitude in
wavenumber. The spectra are compensated by dividing by k−5/3 so
that the ﬂat regions follow a Kolmogorov k−5/3 law corresponding
to a 1x−2/3 law for the slope in Fig. 2. The Kolmogorov law is
found to hold well except at the lowest wavenumbers. The units of
the wavenumbers are (km−1) the highest wavenumber corresponds
to 2samples, i.e. 2s or 560m.
aircraft inertia as discussed above) whereas in the range of
roughly (4km)−1 to (100km)−1, the spectrum is ≈k−5/3. At
larger scales (k<≈100km)−1 it rises steeply corresponding
to the constant mean slope regime of Fig. 2.
In order to study the relation of this with the measured
wind, it is useful to separate the latter into longitudinal and
transverse components. This is done because on the one
hand, even in isotropic turbulence the latter are in principle
different, and on the other hand because we expect that the
longitudinal and transverse winds will have somewhat differ-
ent effects (and hence relationships) on the aircraft altitude
(this was indeed found to be the case for the ER-2 measure-
ments). In Fig. 3b and c we show the corresponding com-
pensated spectra for each of the legs. By comparing Fig. 3a,
b, and c we are struck by the fact that they all share the same
structure of three regimes at roughly k=(3km)−1 with the
second regime starting at much larger and highly variable
scales (investigated in detail below). Since the breaks in the
wind spectrum occur where the relation between the spec-
trum of aircraft altitude changes, this suggests that the verti-
cal aircraft ﬂuctuations strongly inﬂuence the measurements
over wide ranges.
To clarify the picture, we averaged over the different legs,
Fig. 3d. In order to have a uniformly sampled ensemble over
the whole range of wavenumbers, we took all the available
disjoint 4000point (≈1120km) sections (this excluded leg 7,
there were a total of 24 such ﬂight segments in the remaining
legs). We see that while the altitude spectrum has a rather
accurate k−5/3 regime over the range roughly (3km)−1 to
≈(200km)−1, that in fact the mean wind spectrum has two
www.atmos-chem-phys.net/9/5007/2009/ Atmos. Chem. Phys., 9, 5007–5025, 20095012 S. Lovejoy et al.: Reinterpreting aircraft measurements
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Fig. 3b: The same as fig. 3a except for the longitudinal component of the wind.  The low 
wavenumber rise seen in most of these corresponds to a roughly k
-2.5 spectrum; the 
spectral counterpart of Hh = 0.75 behaviour (ignoring small intermittency corrections).  Fig. 3b. The same as Fig. 3a except for the longitudinal component
of the wind. The low wavenumber rise seen in most of these cor-
responds to a roughly k−2.4 spectrum; the spectral counterpart of
Hh=0.75 behaviour (with small intermittency corrections).
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Fig. 3c:  The same as fig. 3b except for the transverse component of the wind. 
 
 
Fig. 3c. The same as Fig. 3b except for the transverse component
of the wind.
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Fig. 3c:  The same as fig. 3b except for the transverse component of the wind. 
 
 
Fig. 3d. The ﬁrst 4000points (1120km) of the legs (excluding
number 7 which was too short) were used to estimate these en-
semble spectra which were averaged over all the legs and over, ten
wavenumber bins per order of magnitude (k in units of km−1). The
pressure (red, top) and altitude (green, second from top), the trans-
verse (orange, bottom) and longitudinal (green, bottom) winds are
shown with reference lines indicating the theoretical vertical spec-
trum (k−2.4) and the theoretical horizontal spectrum k−5/3. The
average transition wavenumber is about (40km)−1.
regimes, one for k>≈(40km)−1 and a k−2.4 regime for
k≈<(40km)−1. Finally, we also show the pressure spectrum
ﬁnding that it has the same basic regimes as the altitude, and
that for k<≈(100km)−1 it becomes much less steep while
the altitude spectrum is on the contrary steeper suggesting
that the aircraft more accurately follows the isobars at these
low wavenumbers than at higher ones. We argue below that
most individual legs have these transitions although the tran-
sition point varies widely from leg to leg. Due to the clear
dynamical relation between the wind ﬁeld and the aircraft
trajectory, we should not be surprised at ﬁnding a relation
betweenthetwo. Itisthereforeofinteresttocomparethisbe-
haviour with that of the (relative) humidity and temperature
neither of which are directly linked with the aircraft dynam-
ics. Figure 3e shows the result for the averaged and compen-
sated spectra (with the compensated versions of Fig. 3d for
comparison). We see that both have excellent scaling, they
are apparently unaffected by the trajectory ﬂuctuations; we
examine this more closely below.
2.3 Cospectral analysis
In order to further understand the statistical relation between
the aircraft altitude and the wind statistics, we can calculate
the spectral coherence. Consider the cross-spectrum Shg and
normalized (complex) cross-spectrum σhg of two (1-D) func-
tions h, g:
σhg =
Shg
 
SggShh
1/2 ;Shg = h ˜ h(k)˜ g∗ (k)i
˜ h(k) =
∞ Z
−∞
eikxh(x)dx ; ˜ g (k) =
∞ Z
−∞
eikxg (x)dx (3)
where “< . >” means the “ensemble” (statistical) average,
here estimated from the 24 disjoint 4000 point legs and the
tilda indicates fourier transform, k is a wavenumber and the
asterix means complex conjugate. We can deﬁne the coher-
ence Chg and the phase θhg as the modulus and phase of σhg:
σhg(k) = Chg(k)eiθhg(k) (4)
(see e.g. Landahl and Mollo-Christensen 1986). In Fig. 3f,
averaging over all the legs, we show these for h=the al-
titude and with g alternately taken as the longitudinal and
transverse wind (left column) and h taken as the pressure
and with g alternately taken as the longitudinal and trans-
verse wind (right column). Recall that due to the normal-
ization 0≤C≤1; C is a kind of wavenumber by wavenum-
ber correlation coefﬁcient with the important difference that
it is positive deﬁnite. For identical functions (h=g), C=1
while for statistically independent functions, C(k)≈1/
√
n
where n is the number of independent samples used to es-
timate the ensemble average. Here we considered the ﬁrst
4000points of each sufﬁciently long leg (so that n=24) hence
the coherency for statistically independent wind and altitudes
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is C(k)≈0.20. In order to estimate the typical deviations
around this mean value, we randomly paired altitudes of the
n-th leg with winds from a randomly chosen but different leg
and calculated the resulting C (see Fig. 3f). We notice that
the mean of this randomized coherency is near the theoretical
value 0.20, with the “spread” decreasing with wavenumber
(due to the fact that the number of wavenumber averaging
bins increases with k).
The coherency is only the modulus; we therefore also con-
sidered the phases: θ=θzv, θpv (i.e. with h=z and p respec-
tively and g=v in Eq. 3, see Fig. 3g). With this choice,
θ>0 indicates that the altitude (pressure) ﬂuctuations lag be-
hind the wind ﬂuctuations while θ<0 indicates the converse.
From Fig. 3f and g we consider the various regimes.
i) k >(3km)−1; log10k > −0.5
Starting the analysis at the small scales (large wavenumbers),
we see that – as expected – due to the inertia of the air-
craft which prevents it from rapidly responding to changes
in wind, the coherency and phase with respect to the altitude
is not statistically signﬁciant (left column). The situation is
moreinterestingforthepressure(rightcolumn)wherewesee
that the transverse component with respect to the pressure is
signiﬁcant, and that the phase of the pressure lags behind the
wind ﬂuctuations. This is presumably the effect of ﬂuctua-
tions in the “dynamical pressure” 1p ∝ 1v2 caused by the
wind changes.
ii) (40km)−1 < k < (3km)−1; (−1.5<log10k < −0.5)
Moving to lower wavenumbers; we ﬁrst remark that for the
longitudinal component, there are apparent signiﬁcant and
even very strong coherencies and phase relations for essen-
tially all the larger scales (although the statistics are poor be-
low about about k <(500km)−1) with the relation between
pressure and wind a bit stronger than that between altitude
and wind. Over this range, the transverse component has
only small coherencies and phase shifts, being signiﬁcant
only out to about k <(40km)−1. When we consider the
phases, we see that whereas the pressure continues to lag be-
hind the wind (θpv >0), the wind lags behind the altitude
changes (θzv <0). This could be a consequence of the au-
topilot (on a time scale of 10–100s) adjusting the level due
to the smaller scale turbulent trajectory ﬂuctuations (typical
time constants for aircraft roll modes are of the order of sev-
eral seconds and response to rudder and aileron commands
are also of this order). Since the aircraft did not ﬂy in any
special direction with respect to the wind, the fact that there
is such a difference between the longitudinal and transverse
components is in itself strong evidence that the aircraft tra-
jectory strongly affects the measurements.
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Fig. 3d:  The first 4000 points (1120 km) of the legs (excluding number 7 which 
was too short) were used to estimate these ensemble spectra which were averaged over all 
the legs and over, ten wavenumber bins per order of magnitude (k in units of km
-1).  The 
pressure (red, top) and altitude (green, second from top), the transverse (orange, bottom) 
and longitudinal (green, bottom) winds are shown with reference lines indicating the 
theoretical vertical spectrum (k
-2.4) and the theoretical horizontal spectrum k
-5/3.   The 
average transition wavenumber is about (30 km)
-1. 
 
Fig. 3e: Top to bottom: the compensated pressure (red), altitude (green), longitudinal, 
(green, third from top), transverse, (orange, fourth from top) humidity (blue, second from 
the bottom) and temperature (orange, bottom).  Reference slopes correspond to k
-5/3 (flat), 
k
-2.4 and k
-2.  The spectra are for 24 legs each 1120 km long, averaged over 10 per order of 
magnitude.   
 
 
 
Fig. 3e. Top to bottom: the compensated pressure (red), altitude
(green), longitudinal, (green, third from top), transverse, (orange,
fourth from top) humidity (blue, second from the bottom) and tem-
perature (orange, bottom). Reference slopes correspond to k−5/3
(ﬂat), k−2.4 and k−2. The spectra are for 24legs each 1120km
long, averaged over 10 per order of magnitude.
iii) k <(40km)−1; (log10 k < −1.5)
Finally, at the larger scales where the pressure and then the
altitude no longer follow k−5/3 spectra (Fig. 3e), we see that
the phases of both the altitude and pressure with respect to
the longitudinal component reverse sign. In this regime, the
pressure leads the wind ﬂuctuations while the altitude lags
behind. This is presumably the regime in which the aircraft
closely follows the isobars. (There is also apparently a ten-
dency for the transverse component to lead the pressure but
the corresponding coherence is not statistically signiﬁcant).
From Fig. 3d and e we see that this is also the regime where
the wind spectrum follows the k−2.4 rather than k−5/3 law;
below we argue that it is this “imposed” vertical displace-
ment that leads to the spurious appearance of the vertical ex-
ponent 2.4. This regime is consistent with the aircraft closely
followingisobarswiththelattercausingthewindandaltitude
ﬂuctuations.
Large scale pressure/wind relations could arise naturally
in the following way: along an isobar we have dz =
−
∂p
∂x/
∂p
∂zdx ≈ dx
∂p
∂x/(ρg) where x is a coordinate parallel
to the aircraft trajectory and we have used the hydrostatic ap-
proximation. Ifwealsomakethegeostrophicapproximation,
(∂p/∂x)/(ρg) ≈ −fvy, then we obtain the “geostrophic”
slope: sgeo = dz/dx≈ − fvy/g where vy is a transverse
wind component and f is the Coriolis parameter.
Using data from the legs averaged at 40km from the air-
craft campaign we found that the actual slopes were only a
little larger than these “geostrophic” slopes with mean ratio:
2.2±1.4. This gives evidence that the slopes of the isobars
are indeed linked to the wind at these scales. This long-range
meteorological effect could lead to large vertical ﬂuctuations
so that the wind ﬂuctuations are mainly due to the vertical
displacement of the aircraft along isobars. We could note that
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Fig. 3f:  This shows the coherency (top row) and phases (bottom row) of the cross 
spectra of altitude (left column) and pressure (right column) as function of horizontal 
wavenumber  k, units km
-1.  The transverse wind is blue (left), orange (right), the 
longitudinal wind is red (left), purple (right).  The coherency and phases were averaged 
over logarithmically spaced bins, 10 per order of magnitude (except for the lowest 10 
wavenumbers).  Green shows the mean (thick) and standard deviation (dashed) of the 
randomized coherencies and phases as discussed in the text.  Phases and coherencies are 
only statistically significant when outside the corresponding ranges. 
Fig. 3f. This shows the coherency (top row) and phases (bottom row) of the cross spectra of altitude (left column) and pressure (right column)
as function of horizontal wavenumber k, units km−1. The transverse wind is blue (left), orange (right), the longitudinal wind is red (left),
purple (right). The coherency and phases were averaged over logarithmically spaced bins, 10 per order of magnitude (except for the lowest
10wavenumbers). Green shows the mean (thick) and standard deviation (dashed) of the randomized coherencies and phases as discussed in
the text. Phases and coherencies are only statistically signiﬁcant when outside the corresponding ranges.
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Fig. 3g:  Similar to fig. 3f, this shows the coherencies (top) and the phases 
(bottom) of the cross spectra of altitude with temperature (blue), humidity (cyan), k in 
units km
-1.  
3.  Understanding the effects of vertical aircraft motion on 
the velocity fluctuations: 
Let us consider a fairly general case of anisotropic but scaling turbulence so that 
the fluctuations in the horizontal velocity over a horizontal lag Δx and vertical lag Δz 
follow: 
Δv =ϕhΔx
Hh; Δv = ϕvΔz
Hv  (5) 
where ϕh, ϕv are the turbulent fluxes dominant in the horizontal and vertical directions 
respectively and Hh, Hv are the corresponding exponents.  The (isotropic) Kolmogorov 
law is recovered with ϕh = ϕv = ε
1/3 , Hh = Hv = 1/3 where ε is the energy flux.  In 
comparison, the original 23/9 D model of anisotropic scaling turbulence ([Schertzer and 
Lovejoy, 1985b]) in which the horizontal is dominated by the energy flux (ε, m
2s
-3) and 
the vertical by buoyancy variance flux (φ  m
2s
-5) is obtained with ϕh = ε
1/3, ϕv = φ
1/5, Hh = 
1/3, Hv = 3/5.  Similarly, the popular quasi-linear gravity wave models [Dewan and 
Good, 1986; Dewan, 1997], [Gardner, 1994; Gardner et al., 1993] typically take ϕh 
= ε
1/3, ϕv = N (the Brunt Väisälä frequency; this is not a turbulent flux, a fact which is a 
serious weakness of that theory) so that Hh = 1/3, Hv =1. (Interestingly, [Van Zandt, 
Fig. 3g. Similar to Fig. 3f, this shows the coherencies (top) and the
phases (bottom) of the cross spectra of altitude with temperature
(blue), humidity (cyan), k in units km−1.
Fig. 2 already shows that the scale 40km is only an average
which hides very large leg to leg variations; this is further
conﬁrmed in Fig. 5 and in the sections below.
In Fig. 3c we see that k≈(40km)−1 is indeed the criti-
cal scale for the (average) wind spectrum; for k>(40km)−1
the vertical ﬂuctuations are not dominant and the spectrum is
the (apparently unbiased) horizontal Kolmolgorov value 5/3
where as for k<(40km)−1 the vertical ﬂuctuations are sufﬁ-
ciently large so that the vertical exponent 2.4 is obtained.
As a ﬁnal check, we also considered the temperature and
humidity coherencies and phases (Fig. 3g). We see that over
the regime (40km)−1 < k<(3km)−1 there are only low co-
herencies and small phases for both, becoming insigniﬁcant
for k<(100km)−1. The most statistically signiﬁcant – the
temperature phases – indicate that there is a lag with respect
to the altitude, as expected if the altitude ﬂuctuations were
imposed by the autopilot. The overall weak link between the
trajectory statistics and the temperature and humidity ﬂuc-
tuations is consistent with the excellent spectral scaling k−β
(with β=2.13, 2.10, respectively) over the entire range.
Finally, in a new paper (Lovejoy et al., 2009b) we take a
closerlookatthescalebyscalebehaviourofthestatisticsiso-
lating the contribution of turbulent intermittency to the over-
all variability. This analysis shows that the aircraft altitude is
extremely intermittent for scales smaller than ≈40km but is
much less so for the larger scales. This reinforces the picture
developed above: the turbulence strongly affects the mea-
surements at the smaller scales whereas at the larger scales,
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the aircraft closely follows the (relatively smooth) isobars.
According to this interpretation, the small scale fractality
of the trajectories – while possibly increasing the intermit-
tency – does not seriously bias the small scale wind spec-
trum which approximates that of an isoheight. However, at
the larger scales, we obtain the different isobaric spectrum
(which below we argue is the same as the vertical spectrum).
3 Understanding the effects of vertical aircraft motion
on the velocity ﬂuctuations
Letusconsiderafairlygeneralcaseofanisotropicbutscaling
turbulence so that the ﬂuctuations in the horizontal velocity
over a horizontal lag 1x and vertical lag 1z follow:
1v = ϕh1xHh ;1v = ϕv1zHv (5)
where ϕh, ϕv are the turbulent ﬂuxes dominant in the hor-
izontal and vertical directions respectively and Hh, Hv are
the corresponding exponents. The (isotropic) Kolmogorov
law is recovered with ϕh=ϕv=ε1/3, Hh=Hv=1/3 where ε is
the energy ﬂux. In comparison, the original 23/9 D model
of anisotropic scaling turbulence (Schertzer and Lovejoy,
1985b) in which the horizontal is dominated by the energy
ﬂux (ε, m2 s−3) and the vertical by buoyancy variance ﬂux
(φ, m2 s−5) is obtained with ϕh=ε1/3, ϕv=φ1/5, Hh=1/3,
Hv=3/5. Similarly, the popular quasi-linear gravity wave
models (Dewan and Good, 1986; Dewan, 1997; Gardner,
1994; Gardner et al., 1993) typically take ϕh=ε1/3, ϕv=N
(the Brunt V¨ ais¨ al¨ a frequency; this is not a turbulent ﬂux,
a fact which is a serious weakness of that theory) so that
Hh=1/3, Hv=1. (Interestingly, Van Zandt, 1982 was a fore-
runner of these quasi-linear gravity wave theories and pro-
posed – purely empirically – a vertical spectral exponent of
−2.4, in accord with our results below). In order to write
these anisotropic models in a form valid for any vector in
the vertical plane 1r=(1x,1z) we can use the formalism of
Generalized Scale Invariance (Schertzer and Lovejoy, 1985a)
and write:
1v = ϕhk1rkHh (6)
where the scale function (indicated by the double bars) re-
places the usual vector norm appropriate for isotropic turbu-
lence:
k1rk = ls
 
1x
ls
2
+

1z
ls
2/Hz
!1/2
;
Hz =
Hh
Hv
;ls =

ϕh
ϕv
1/(Hv−Hh)
(7)
whereHz istheexponentcharacterizingthedegreeofstratiﬁ-
cation (Hz=1 corresponds to isotropic 3-D turbulence, Hz=0
to isotropic 2-D turbulence) and ls is the “sphero-scale” so-
called because the structures are roundish at that scale. The
scale function need only satisfy a fairly general scale equa-
tion, so that the above form is only the simplest “canoni-
cal” scale function but is adequate for our purposes. It can
be veriﬁed that if we successively take 1r = (1x,0) and
1r = (0,1z) that we recover Eq. (5).
In such a turbulence, the volumes of structures (assumed
isotropic in the horizontal) change with horizontal scale 1x
as 1xDel with Del = 2 + Hz. The 23/9 D model de-
rives its name because Hz=(1/3)/(3/5)=5/9; the quasi-linear
gravity wave model has Hz=1/3 and therefore Del=7/3 and
we have noted that the classical 2-D and 3-D isotropic tur-
bulences have Hz=0, 1 hence Del=2, 3 respectively. The
23/9 D model of stratiﬁcation was found to be obeyed quite
precisely for passive scalar densities estimated by lidar (i.e.
with the above scale function replacing the vector norm in
the isotropic Corrsin-Obukhov law of passive scalar advec-
tion (Lilley et al., 2004, 2008); cf. Hz=0.55±0.02). Using
drop sondes, it was also found for the lower 2km or so of
the atmosphere that the horizontal velocity (Lovejoy et al.,
2007), also had Hz≈0.55. However small but signiﬁcant de-
viations were observed for higher altitudes so that Hv≈0.75
and hence (assuming Hh=1/3) we infer that Hz≈0.44. The
origin of these deviations for the horizontal wind from the
theoretical value is still not understood, they are especially
puzzling since the theory apparently holds quite accurately
for passive scalars.
In order to understand the effect of the vertical trajectory
variability on the horizontal wind statistics, consider a sec-
tion with constant slope s so that 1z=s1x:
1ν = ϕhlHh
s
 
1x
ls
2
+

s1x
ls
2/Hz
!Hh/2
(8)
When considering the ER-2 trajectory, (Lovejoy et al., 2004)
pointed out that if s was constant, then there would exist a
critical lag 1xc = lss1/(Hz−1) such that for 1x>1xc, the
second term would dominate the ﬁrst and we would obtain:
1v = ϕh1xHh ;1x  1xc
1v = ϕvsHν1xHv ;1x  1xc (9)
We would therefore expect a spurious break in the horizontal
scalingat1xc afterwhichtheaircraftwouldmeasurethever-
tical rather than horizontal statistics with exponent Hv rather
than Hh. In the case of the ER-2, this was indeed the case
for the longest lags dominated by the constant slope regime
at around 300km (s≈1m/km caused by the aircraft losing
weight due its fuel consumption). However, in their reinter-
pretation of the classical tropospheric turbulence campaigns
using commercial airplanes (GASP, MOZAIC), Lilley et al.,
2008, found that the horizontal wind spectra and structure
functions respectively could be explained if there was a tran-
sition from horizontal to vertical exponents at the somewhat
smaller 1xc’s of around 30–50km (i.e. about the same as the
mean found here, Fig. 3c), see also the reanalyses in Sect. 5
of the spectra in Gao and Meriwether (1998), Bacmeister et
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al. (1994), Cho and Lindborg (2001), and Gage and Nas-
trom (1986). Unlike the ER-2 structure function, in these
roughly isobaric trajectories, there was no indication of a sig-
niﬁcant intermediate fractal dominated regime in which the
turbulent exponents are apparently biased by the long range
correlation between the aircraft position/altitude and the tur-
bulence it measures.
In order to understand the general effect of a fractal trajec-
tory on the 1v statistics, we may consider a fractal trajectory
obeying Eq. (1) with the simplifying “mean ﬁeld” hypothe-
sis that the mean result Eq. (1) can be used in place of 1z
in Eq. (7) (this is equivalent to ignoring the correlations be-
tween the trajectory and the horizontal wind). It implies:
h|1v|i=ϕhlHh
s
 
1x
ls
2
+

a
ls
2/Hz
(1x2)Htr/Hz
!Hh/2
(10)
we therefore see that there exists a critical trajectory expo-
nent Htrc = Hz such that for Htr>Htrc a spurious transi-
tion will occur at a critical 1xc such that the second (verti-
cal) term will dominate at 1x>1xc, while for small scales
1x<1xc the ﬁrst (horizontal) term will dominate. However,
on the contrary for Htr<Htrc we ﬁnd that the fractal nature
of the trajectory will not lead to spurious scaling, that it will
not affect the horizontal exponent. We can now understand
the key difference between our Gulfstream 4 data and the
ER-2. Over the range ≈3km< 1x <300km, the latter had
an anomalous regime with Htr≈0.55≈Htrc so that the above
“mean ﬁeld” type argument breaks down; we must carefully
consider the (nontrivial) correlations between the wind and
the trajectory, they can be important over a wide range. How-
ever, from Fig. 2, we can see that the Gulfstream 4 tropo-
spheric isobaric trajectories analyzed here are different; they
tend to involve abrupt transitions from Htr≈1/3 to Htr≈1
(i.e. Hs≈−2/3 to Hs≈0) so that a spurious transition from
horizontal to vertical exponents may or may not occur de-
pending on the magnitude of the vertical ﬂuctuations (a), the
value of ls (which depends on the relative magnitudes of the
horizontal and vertical turbulent ﬂuxes, Eq. 5), and the point
at which the transition from Htr≈1/3 to Htr≈1 occurs.
Since turbulence is highly intermittent, in order to obtain
robust estimates of exponents, experimentalists average their
velocity ﬂuctuations over as many lags as possible. Since
Hv>Hh, it is enough that only some lags have a transition
from horizontal to vertical behaviour for the spurious vertical
scaling to dominate the ensemble statistics for large enough
1x. For each leg and for the averages over all the lags 1x,
we therefore anticipate (cf. Eq. 8) that:
h|1v|i =

(A1x)2 + (B1x)2Hv/Hh
Hh/2
(11)
for some empirically determined constants A, B. In order
to test the hypothesis and to estimate the key exponents Hh,
Hv, for each pair (Hh, Hv) we performed a regression on
log10h|1ν|i to determine the constants A, B which mini-
mized the root mean square residuals (error). In Fig. 4a
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log10 Δv  to determine the constants A,  B which minimized the root mean square 
residuals (error).  In fig. 4a we display a contour plot showing the behaviour of the error 
for components of the horizontal wind both transverse and longitudinal to the aircraft 
heading.  There is a broad minimum; statistical analysis shows that minimum occurs at 
(Hh,  Hv) = (0.26±0.07, 0.65±0.04), (0.27±0.13, 0.67±0.09) for the transverse and 
longitudinal components respectively (the rms error in log10 Δv  at the minimum was 
about ±0.03 in both cases corresponding to deviations of only 100 (10
0.03-1) ≈ ±7% over 
3 - 4 orders of magnitude in scale).  As discussed earlier, the longitudinal component is 
more coherent with the altitude, this would explain its slightly larger error. Given the 
large uncertainties, we can see that the Hh estimates are compatible with the Kolmogorov 
value Hh = 1/3 while Hv is compatible with both the Bolgiano – Obukhov value 3/5 and 
the slightly larger value ≈ 0.75 observed from the (simultaneous) drop sondes in lower 1 
km and the upper 12-13 km altitude range respectively (corresponding to Hz = 5/9, 0.44 
respectively).   Below, we shall see that not all legs show Δx
Hv regimes, and for some it is 
only visible for the largest Δx; this effect may lead to an underestimate of Hv.   
 
 
Fig. 4a: A contour plot of the rms errors in estimating log10 Δv  using the formula eq. 
11.  The longitudinal and transverse components of the horizontal winds are shown in 
pink, blue respectively.  The centre of the diagram corresponds to the theoretical values 
Fig. 4a. A contour plot of the rms errors in estimating log10h|1v|i
using the formula Eq. (11). The longitudinal and transverse compo-
nents of the horizontal winds are shown in pink, blue respectively.
The centre of the diagram corresponds to the theoretical values
(Hh, Hv)=(1/3, 3/5). The minima are at (Hh, Hv)=(0.26±0.07,
0.65±0.04), (0.27±0.13, 0.67±0.09) for the transverse and longi-
tudinal components respectively.
we display a contour plot showing the behaviour of the er-
ror for components of the horizontal wind both transverse
and longitudinal to the aircraft heading. There is a broad
minimum; statistical analysis shows that minimum occurs at
(Hh, Hv)=(0.26±0.07, 0.65±0.04), (0.27±0.13, 0.67±0.09)
for the transverse and longitudinal components respectively
(the rms error in log10h|1ν|i at the minimum was about
±0.03 in both cases corresponding to deviations of only 100
(100.03−1)≈ ±7% over 3–4 orders of magnitude in scale).
As discussed earlier, the longitudinal component is more co-
herent with the altitude, this would explain its slightly larger
error. Given the large uncertainties, we can see that the Hh
estimates are compatible with the Kolmogorov value Hh=1/3
while Hv is compatible with both the Bolgiano – Obukhov
value 3/5 and the slightly larger value ≈0.75 observed from
the (simultaneous) drop sondes in lower 1km and the up-
per 12–13km altitude range respectively (corresponding to
Hz=5/9, 0.44, respectively). Below, we shall see that not all
legs show 1xHv regimes, and for some it is only visible for
the largest 1x; this effect may lead to an underestimate of
Hv.
4 Leg by leg and (1x, 1z) analyses
Now that we have reasonable estimates of the exponents –
and in order to understand the results better – we can again
consider the individual legs. Figure 5a and b show the in-
dividual structure functions for each leg for the longitudi-
nal and transverse components with regressions to the form
Eq. (11) constrained to have Hh=1/3 and Hv=3/5 (thin line),
Hv=3/4 (thick line). We see that the theoretical ﬁts (with er-
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rors indicated in Fig. 4b ≈ ±0.04) are very good for both
values of Hv with not much difference between them.
Using the regression coefﬁcients A, B obtained with
Hh=1/3, Hz=4/9, we can estimate the critical 1xc at
which the two terms in Eq. (11) are equal: 1xc =
AHz/(1−Hz)/B1−Hz (Table 1). We see that in two cases –
legs 2 and 7 – that the 1x1/3 law holds well over the entire
leg so that no transition is observed (the corresponding en-
try is blank). Close examination of the corresponding slopes
(Fig. 2) shows that these are cases with particularly long
s(1x) ≈ 1x−2/3 regimes which – following our preced-
ing analyses – favour the horizontal exponents (see also the
spectra in Fig. 3). If in addition the ls value is particularly
large – and (Radkevitch et al., 2008) shows empirically that
it has huge ﬂuctuations; the probability tail has a “fat” power
law fall-off with exponent ≈1.33 – then there will be no tran-
sition over the observed range of lags 1x.
The direct regressions on the structure functions only give
the coefﬁcients A, B; these cannot be used directly to esti-
mate ls and ε. In addition, the analysis so far cannot rule out
the possibility that the large scale turbulence is isotropic with
genuine (rather than spurious) horizontal exponent Hh≈0.7–
0.75 and with highly variable transition point. In this case
for 1x1z, the 1z values will be statistically irrelevant for
1v; only the 1x values will be important. In order to rule
out the latter possibility and to estimate ls and ε we must
use a different analysis technique. The key is to use the in-
formation of the joint 1v dependence on both 1x and 1z.
Rewriting Eq. (7) we ﬁnd:
1 =

ε1/3

ζ

1 + l
1−1/Hz
s ζ−1
1/3
;
1 =

|1v(1x,1z)|

ζ
1x1/3 ;ζ =
1x
1z1/Hz (12)
Where we use the average over constant ζ (denoted by the
overbar and subscript) of ε1/3 and the normalized gradient
1. ζ is the “scale invariant lag” since under generalized
scale changes Tλ=λ−G (where G is the generator of the scale
changing group – in this case the 2×2 matrix G=((1, 0), (0,
Hz))) if we start with a unit vector 1r1 = (1x1, 1z1) with
associated ζ1=1x11z
−1/Hz
1 , the scale changing operator Tλ
yields the λ times smaller reduced vector 1rλ=Tλ1r1 but
with, ζλ = (λ1x1)
 
λHz1z1
−1/Hz =ζ1, i.e. unchanged. In
order to improve the statistics, we used all the n(n−1)/2
pairs of measurements for each n point long leg, hence yield-
ing robust behaviour and parameter estimates. Figure 6
shows the leg by leg result (on the short legs) along with
the optimum regression to determine ε, ls (the former is sim-
ply the large ζ asymptote); these are given in Table 1. The
ﬁgure shows that the theoretical form ﬁts very well over an
impressive 8orders of magnitude in ζ. The main deviations
are at the small ζ values, but this reﬂects that the fact that the
small ζ values are not numerous so that the statistics are not
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(Hh, Hv) = (1/3, 3/5).  The minima are at (Hh, Hv) = (0.26±0.07, 0.65±0.04), (0.27±0.13, 
0.67±0.09) for the transverse and longitudinal components respectively. 
 
If we assume that the Kolmogorov value Hh =1/3 is robust, we can fix it at that value and 
find the minimum error in estimates of  as Hz = Hh/Hv is varied.  Fig. 4a shows the result; 
we see that the minima corresponds to the estimates: Hz ≈ 0.46±0.05, 0.45±0.05 implying 
Hv = 0.71±0.08, 0.73±0.08 for longitudinal and transverse components respectively.  We 
see that forcing Hh to take the theoretical value 1/3 leads to Hz and Hv values closer to 
those expected from the drop sondes (0.44, 0.75 respectively). 
 
 
 
Fig. 4b:  The rms error in estimating  log 10 Δ v   for longitudinal (black) and 
transverse (red) components respectively obtained by fixing Hh = 1/3.  The minima 
correspond to the estimates: Hz ≈ 0.46±0.05, 0.45±0.05 for longitudinal and transverse 
components respectively. 
 
4.  Leg by leg and (Δx, Δz) analyses: 
Now that we have reasonable estimates of the exponents - and in order to 
understand the results better - we can again consider the individual legs.  Fig 5a, b shows 
the individual structure functions for each leg for the longitudinal and transverse 
components with regressions to the form eq. 11 constrained to have Hh = 1/3 and Hv = 3/5 
(thin line), Hv = 3/4 (thick line).  We see that the theoretical fits (with errors indicated in 
Fig. 4b. The rms error in estimating log10h|1v|i for longitu-
dinal (black) and transverse (red) components respectively ob-
tained by ﬁxing Hh=1/3. The minima correspond to the estimates:
Hz≈0.46±0.05,0.45±0.05 for longitudinal and transverse compo-
nents respectively.
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fig. 4b ≈ ±0.04) are very good for both values of Hv with not much difference between 
them.  
 
Fig. 5a:  This shows the first order structure function for the longitudinal component of 
the horizontal wind for each of the 16 legs, each displaced by 0.5 in vertical for clarity.  
Δx is the horizontal distance in km.  The thin line is the regression to the form eq. 11 with 
Hz = 4/9 while the thick line has Hz = 5/9. 
 
Fig. 5a. This shows the ﬁrst order structure function for the lon-
gitudinal component of the horizontal wind for each of the 16legs,
each displaced by 0.5 in vertical for clarity. 1x is the horizontal
distance in km. The thin line is the regression to the form Eq. (11)
with Hz=4/9 while the thick line has Hz=5/9.
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Fig. 5b: Same as fig. 5a except for the transverse component. 
 
Using the regression coefficients A, B obtained with Hh = 1/3, Hz = 4/9, we can 
estimate the critical Δxc at which the two terms in eq. 11 are equal: 
Δxc = A
Hz /1 −Hz () / B
1/ 1−Hz ()  (table 1).  We see that in two cases - leg 2 and leg 7 – that the 
Δx
1/3 law holds well over the entire leg so that no transition is observed (the 
corresponding entry is blank).  Close examination of the corresponding slopes (fig. 2) 
shows that these are cases with particularly long s(Δx) ≈ Δx
-2/3 regimes which – following 
our preceding analyses - favour the horizontal exponents (see also the spectra in fig. 3).  
If in addition the ls value is particularly large - and [Radkevitch et al., 2008] shows 
empirically that it has huge fluctuations; the probability tail has a “fat” power law fall-off 
with exponent ≈ 1.33 - then there will be no transition over the observed range of lags Δx. 
Fig. 5b. Same as Fig. 5a except for the transverse component.
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Fig. 6:  This shows the normalized mean velocity difference Δ as a function of the scale 
invariant lag ζ = Δx/Δz
1/Hz with Hz = 4/9.  The legs are shown displaced vertically for 
clarity (legs 1-16, bottom to top).  The statistics of long flat lags are to the right, short, 
highly sloped lags to the left.  The black lines give regressions to the form eq. 12.  Using 
Hz = 5/9 doesn’t change the appearance very much. 
 
Fig. 6 . This shows the normalized mean velocity difference 1 as a
function of the scale invariant lag ζ = 1x/1z1/Hz with Hz=4/9.
The legs are shown displaced vertically for clarity (legs 1–16, bot-
tom to top). The statistics of long ﬂat lags are to the right, short,
highly sloped lags to the left. The black lines give regressions to the
form Eq. (12). Using Hz=5/9 does not change the appearance very
much.
well estimated; they are from rare large vertical “jumps” over
short distances. We note that there are no signs of deviations
from the theoretical behaviour at large ζ corresponding to
long and ﬂat displacements. In other words, we can rule out
a large scale transition to isotropic Hh=Hv≈0.7 turbulence
since the longest, ﬂattest displacements have Hh=1/3.
Aside from the strong support that the ﬁgure gives to our
conclusions about the effect of anisotropic turbulence, we
can also note that it conﬁrms that legs 2 and 7 have nearly
perfect 1x1/3 behaviours over the entire range. We can also
note from the table that the values of ε are highly variable
(as expected) but the (geometric) mean (≈4×10−4 m2 s−3)
is not so far from the “typical values” 10−3−10−4 m2 s−3
measured elsewhere. Also shown in Table 1 is the mean hor-
izontal shear over the legs; it is not obviously related to any
of the other characteristics listed.
We see that the estimates of ls are in the range 3cm to
about 70cm which is exactly the range of the direct estimates
from lidar in Lilley et al. (2004) (9 cross-sections of pas-
sive scalar lidar backscatter ratios, each with 2<ls<80cm)
and a little larger than the estimate from the mean ER-2 data
(ls≈4cm). Recall that since Hv>Hh, ls is the scale at which
structures begin to become ﬂattened in the horizontal. Us-
ing this value of ls, we can calculate an “effective slope” seff
which is the constant slope that would explain the transition
at 1xc from horizontal to vertical scaling statistics (see Ta-
ble 1):
seff =
BlS
(Als)1/Hz (13)
We see that the values are quite large – in the range 7–
25m/km; this shows that the behaviour cannot be under-
stood in terms of a roughly constant s over an entire leg; the
wind/altitude coherency is more subtle than that.
We might mention at this point that here we have con-
sidered that the scaling exponents Hh, Hv apply to the be-
haviour along orthogonal axes deﬁned by the local gravity
ﬁeld. However, this may be only an approximation: theoreti-
cally the axes need not be exactly orthogonal (corresponding
to non diagonal generators of the anisotropy). This might
arise as a consequence of some strong shear for example.
The physically relevant s would be then slope with respect to
these axes and not with the local gravity ﬁeld.
5 Comparison with other aircraft studies
We have argued that aircraft measurements of wind have sys-
tematically ignored the effect of ﬂuctuations/variations in the
altitude of the measurements and that as a consequence, at
large enough scales the measured wind ﬂuctuations spuri-
ously have vertical scaling exponents rather than the true
horizontal exponents (for the spectra, ≈2.4 and ≈5/3, re-
spectively). Equivalently, at small scales, the aircraft follows
a fractal trajectory, yet apparently measures isoheight expo-
nents (with perhaps biased - but in any case small – inter-
mittency corrections) whereas at large scales, the aircraft ac-
curately follows isobars with (different) isobaric exponents.
Although we mentioned that this hypothesis has been veri-
ﬁed in Lilley et al. (2008) on two of the main atmospheric
campaigns (GASP and MOZAIC), we would like to revisit
these quickly along with two others showing that they are
very close to those here (Fig. 3d) and can be convincingly
explained by the combination of vertical aircraft ﬂuctuations
coupled with anisotropic but scaling turbulence.
The GASP experiment was perhaps the most inﬂuential
experiment to date on the horizontal spectrum, being gen-
erally interpreted as lending support to 2-D turbulence at
large scales. However, this interpretation is fraught with dif-
ﬁculties since the claimed 2-D k−3 behaviour would only be
in the narrow range between about 500 and 3000km; see
Fig. 7a. Restricting ourselves to isotropic turbulences this
would imply that the 3-D k−5/3 range extends way beyond
the atmospheric scale height 10km requiring that the 3-D
turbulence be “squeezed to become nearly two dimensional”
(H¨ ogstrom et al. 1999) with an energy ﬂux source localized
in scale somewhere around 500km (Lilley, 1983; H¨ ogstrom
et al., 1999, proposes that this source might be convection).
Additionally, this model would require an enstrophy source
at around 3000km – given possibly by baroclinic instabilities
(see also Lilly, 1989 for more elaboration).
While this classical interpretation is forced – involving as
it does two ad hoc sources and an unclear “squeezing” mech-
anism – as shown by the added thick lines (slope −2.4), the
spectra are in fact very simple to explain with the anisotropic
turbulence mechanism described here, indeed the transition
point (10 and 100km for meridional and zonal components
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Fig. 7a. Key GASP results adapted from Gage and Nastrom (1986)
with data broken into three groups depending on trajectory length
(different symbols). It can be seen that the thick added reference
lines with vertical exponent 2.4 ﬁt very well from roughly 10 and
100km on up (meridional and zonal components).
respectively) is quite close to the mean transition point found
here (Fig. 3d, 40km). However, the spectrum shown in
Fig. 7a is actually a composite of spectra with legs coming
from three different length categories. When focusing on the
larger scales it is thus more pertinent to focus on the longest
leg category only; those longer than 4800km (there is also
less chance of statistical sample bias). When this is done
(Fig. 7b), our reinterpretation is made all the more convinc-
ing since the large scale is seen to be nearly exactly of the
predicted k−2.4 form, with no plausible k−3 regime whatso-
ever.
The GASP experiment involved commercial airliners ﬂy-
ing along isobars near the top of the troposphere. It is
therefore of interest to compare this with the Gao and Meri-
wether (1998) analysis of 11legs of the scientiﬁc Electra air-
craftwhichalsoﬂewalongisobars(seeFig.7c)butat≈6km.
Concentrating on their spectra of horizontal wind, we ﬁnd
once again that exponents of 2.4 and 5/3 with a transition at
about 10km explain the data very easily; the authors’ over-
all regression estimate 1.98 (over the range 1–100km) being
a rough average of the two. Also, their regression giving
a 3.18 exponent is only over the range 100–330km and is
not compelling. While our interpretation is fairly straightfor-
ward, the authors offer no explanation for their value 1.98.
In the introduction, we mentioned that the most recent ma-
jor campaign (>7600ﬂights) was the MOZAIC campaign
which – like the GASP experiment – also involved commer-
cial aircraft ﬂying along isobars (between 9.4 and 11.8km).
Figure 7d shows the second order structure function from
Cho and Lindborg (2001). The spectral exponent β=1+ξ(2)
where ξ(2) is the second order structure function exponent so
Fig. 7b. Adapted from Gage and Nastrom (1986) with the refer-
ence lines corresponding to the horizontal and vertical behaviour
discussed in the text (slopes –5/3, –2.4, i.e. ignoring intermittency
corrections corresponding to Hh=1/3, Hv=0.7 as well as the 2-D
isotropic turbulence slope −3). This ﬁgure shows the spectra only
for the particularly long legs (at least 4800km long).
Fig. 7c. The averaged spectra adapted from Gao and Meri-
wether (1998) at 6km altitude with the horizontal and vertical ex-
ponents discussed here indicated as reference lines.
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Fig. 7d. Adapted from Lindborg and Cho (2001): second or-
der structure functions of the horizontal wind (sum of longitudi-
nal and transverse components). Since the spectrum is (essentially)
the fourier transform of the structure functions, the spectral be-
haviour k−β corresponds to r(β−1), hence the corresponding ref-
erence lines.
that the vertical exponent β=2.4 corresponds to ξ(2)=1.4. In
theﬁgureweseethatourpictureofatransitionfromhorizon-
tal exponent 2/3 to vertical exponent 1.4 accurately accounts
for the data over all the range (except for the extreme factor
of 2-3 where the structure function levels off, a typical symp-
tom of poor statistics) with the transition occurring at about
50km i.e. about the same scale as in Fig. 3c. Also shown
is a reference line r2 which is the basic prediction of 2-D
turbulence. Given the divergence of their curve from the r2
line, it is surprising that Cho and Lindborg (2001) neverthe-
less claimed support for a 2-D isotropic turbulence regime.
They did this by adding in a log correction. While such a
correction is theoretically predicted in pure 2-D (Kraichnan)
theory, it is normally considered a small effect and ignored.
However Cho and Lindborg’sclaim tobe ableto save the2-D
theory by using log corrections was seriously undermined in
the Lilley et al. (2008) reanalysis. They showed that the price
paid in using log corrected r2 law to explain a (near) r1.4 law
over an order of magnitude in scale is that the corrections
must be so large as to imply impossible negative variances
for scales ≈4000km and larger.
In the introduction, we mentioned the stratospheric anal-
yses Lovejoy et al. (2004) obtained from ER-2 aircraft fol-
lowing isomachs rather than isobars which found fractal tra-
jectories with somewhat higher fractal dimensions (≈1.55)
than those found here (≈1.33). These results are quite simi-
lar to those of Bacmeister et al. (1996) (Fig. 7e). Again, we
see that over the analyzed range 0.4–102km the data follows
the slopes 5/3 and 2.4 quite well. In Bacmeister et al. (1996)
exponents were estimated scale by scale and leg by leg so
that histograms can be built up. While at the small scales,
the mean exponent is near ≈5/3, at the larger scales, as pre-
dicted, this value increases to about 2.5.
Fig. 7e. Stratospheric ER-2 spectra adapted from Bacmeister et
al. (1996), Fig. 5. This is a random subset of 1024s long legs, again
with reference slopes added.
If our interpretation is correct, then there is a basic dif-
ference in the scaling exponents of the wind following iso-
heights and those following isobars (the latter being essen-
tially equivalent to vertical exponents). This would help ex-
plain the wind spectra of atmospheric reanalyses where the
value β≈2.4 has also been obtained (Stolle, 2009), along
with a similar value in the vertical.
6 Conclusions
6.1 Discussion
In this paper, we examine in detail the characteristics of
16 horizontal tropospheric aircraft legs with an aim to sys-
tematically determining the consequences of the anisotropic
turbulence on the vertically ﬂuctuating trajectories. By cal-
culating the mean absolute slopes as functions of scale, we
discovered that for 1x>3km there is a signiﬁcant intermedi-
ate fractal regime with 1z≈1xHtr, with Htr≈1/3 followed
(usually) at large 1x by a transition to a regime with a mean
constant slope, i.e. Htr=1. At scales 1x<3km the slopes
were lower than one would expect from an extrapolation
from the fractal regime; presumably a consequence of the
aircraft inertia. We argued that while the fractal regime was
presumably dominated by turbulence, that the highly vari-
able transition point from Htr≈1/3 to Htr≈1 depended on
the level of turbulence, the slopes of the isobars and perhaps
even the pilot and autopilot. By considering spectra and co-
herencies between the altitude and the wind and altitude (z)
and pressure (p) measurements we showed that for most of
the range of scales >3km, that statistically signiﬁcant co-
herenciesandphaserelationsexistbetweenz andthelongitu-
Atmos. Chem. Phys., 9, 5007–5025, 2009 www.atmos-chem-phys.net/9/5007/2009/S. Lovejoy et al.: Reinterpreting aircraft measurements 5021
dinal wind and even stronger coherencies and phase relations
between p and the longitudinal wind (and to much lesser de-
grees with the transverse wind). The longitudinal wind did
however show signiﬁcant coherencies in a narrower range
(≈10–30km). Since the aircraft did not ﬂy in directions
with special orientations the mere fact that the behaviour of
the transverse and longitudinal wind was different in this re-
gard supports the hypothesis that it is an artifact of the al-
titude/wind correlations. By examining the corresponding
cross-spectral phases, we were able to show that these were
also statistically signiﬁcant over most of the range, with the
wind ﬂuctuations leading those of the altitude at the small
(<3km) aircraft inertial scales after which the altitude ﬂuc-
tuations lead the wind ﬂuctuations up to ≈40km followed by
a further reversal corresponding precisely to the k−2.4 range
of the average spectrum, this time presumably due to mete-
orological correlations between the slopes of the isobars and
the wind. The relation between the pressure and the wind
was even stronger and clearer: at scales less than ≈40km
the pressure ﬂuctuations lagged behind the wind ﬂuctuations
(especially the longitudinal wind) with a complete reversal
at larger scales with the wind lagging behind the pressure.
The intimate relation between altitude, pressure and wind
statistics over even larger distances makes our reinterpreta-
tion compelling. In future, robotic aircraft ought to be ﬁtted
out so that they record the inputs and outputs to the autopi-
lot. That way the aircraft motion relative to the atmosphere
could, at least in principle, be solved as a problem in Newto-
nian physics and the relation of aircraft altitude to the mete-
orology could further clariﬁed.
Using a “mean ﬁeld” approximation (which ignores the
correlation between the vertical ﬂuctuations and the wind),
we showed that for the trajectory ﬂuctuations 1z(1x) ≈
1xHtr, there is a critical exponent Hz such that if Htr<Hz
then the turbulence will not affect the scaling of the hori-
zontal wind, i.e. we continue to ﬁnd 1v≈1xHh, while for
Htr>Hz there will be a spurious break with the vertical ex-
ponent dominating for large 1x where 1v≈1xHv. The pre-
diction that there will be two scaling regimes separated by
a break was directly tested using the ensemble statistics; it
was found to hold with high accuracy with Hh≈0.27±0.10,
Hv≈0.66±0.07. Due to the large uncertainties, we took this
as conﬁrmation that the Kolmogorov value Hh≈1/3 was cor-
rect, and we noted that the vertical value is somewhat biased
towards small values since most but not all trajectories had
a 1xHv dominated regime. Fixing Hh=1/3 lead to the re-
ﬁned estimate Hz=Hh/Hv = 0.455±0.05 implying Hv≈0.73
which is very close to the drop sonde estimate 0.75 for the
12–13km level.
While these ensemble analyses supported the basic pic-
ture, new insight was obtained by looking at the legs individ-
ually. In particular, it was found that the transition point 1xc
separating the 1xHh and 1xHv regimes was itself highly
variable – in two cases being larger than the length of the
trajectory (at least several hundreds of kilometers) while in
some instances it was smaller, of the order of 10 kilome-
ters. This high variability was itself predicted on the basis
of the observed slope statistics, the high intermittency of the
turbulence and the consequence of following isobars rather
than constant altitudes. It goes a long way to explaining the
plethora of horizontal scale breaks reported in the literature.
It seems that at scales smaller than ≈40km (but larger than
an inertial scale of ≈3km) the aircraft follows turbulence
driven fractal trajectories yet is nonetheless able to estimate
the isoheight (horizontal) exponents whereas at larger scales,
the aircraft accurately follows isobars yielding the different
isobaric exponent which itself is at least approximately equal
to the vertical exponent.
As a ﬁnal test, we considered the predictions of the the-
ory for the scale invariant lags ζ=1x/1z1/Hz; this method
takes into account the detailed vector ﬂuctuation 1r=(1x,
1z) , i.e. the joint horizontal and vertical displacements of
the aircraft. In this case the theoretical predictions were ver-
iﬁed over 8orders of magnitude in ζ. It enabled us to rule
out the possibility that there is a genuine large scale isotropic
turbulent regime with exponent Hv=Hh≈0.7–0.75, since the
longest ﬂattest displacements followed Hh=1/3 very accu-
rately. In addition the method allowed us to estimate the en-
ergy ﬂux ε and the sphero-scale ls. Both values were found
to be quite plausible given the published determinations in
other experiments, notably the sphero-scale – the scale at
which typical structures are roundish (structures become in-
creasingly ﬂat at larger scales) – was found to be in the range
20cm to 2m, very close to the ER-2 estimate (4cm) and the
lidar estimate (10cm–80cm). As a general matter this scale
invariant lag technique could proﬁtably be used to remove
the effect of the vertical ﬂuctuations for analyzing other at-
mospheric ﬁelds. This will be developed further elsewhere.
6.2 Implications for our understanding
of the atmosphere
The last thirty years has seen such a vast improvement in our
ability to measure, analyze and model the atmosphere that
at ﬁrst sight it is incredible that there is still no consensus
about its most basic statistical characteristics including the
way that wind ﬂuctuations vary with scale. Closer consider-
ation however shows that no matter how precise or plentiful
our measurements may be, that they nevertheless require the-
ories, models and assumptions for their interpretation. The
use of aircraft data in understanding the structure of the at-
mosphere provides a sobering illustration of this dialectic.
It now seems that the interpretations have typically been
na¨ ıve: they have either simply ignored the vertical motion of
theaircraftorhaveassumedthattheturbulenceisisotropicso
that the vertical ﬂuctuations do not strongly affect the statis-
tics. When the analyses show breaks in the horizontal scal-
ing (as they invariably do), rather than question the isotropy
assumption and reinterpret the data, scientists tend to casu-
ally invoke the existence of two or more horizontal scaling
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regimes. The break between them is typically attributed to a
transition from small scale three dimensional isotropic turbu-
lence to large scale two dimensional isotropic turbulence and
this, even if the break point varies considerably from exper-
iment to experiment, and even if it is much bigger than the
atmospheric scale height of 10km. However – as pointed out
by Schertzer and Lovejoy (1985b) the very existence of such
a “dimensional transition” (once called a “meso-scale gap”,
Van der Hoven, 1957) is itself only a theoretical consequence
of the a priori assumption that turbulence must be isotropic!
If the turbulence is anisotropic but scaling, then structures
simply become ﬂatter and ﬂatter at larger and larger scales
in a power law manner and such a transition is unnecessary.
This is indeed the strong conclusion of a recent massive plan-
etary scale study of short and long wave radiances (Lovejoy
et al., 2009a). In this way, we see that the entire mainstream
view of the atmosphere has fundamentally been coloured by
the assumption of isotropic turbulence.
Cracks in this isotropic ediﬁce started to appear in the
1980’s when evidence started to mount that the key horizon-
tal wind ﬁeld has vertical statistics – including the scaling
exponents – that were very different from those in the hori-
zontal, suggesting that isotropic turbulence might be irrele-
vant to atmospheric dynamics. Incredibly, a recent literature
review (Lilley et al., 2008) failed to ﬁnd a single experimen-
tal study of the vertical which claimed evidence for the Kol-
mogorov scaling exponent Hv=1/3 – at any location or at any
scale. On the contrary for twenty years, the debate among
experimentalists on the vertical statistics has been between
the values 3/5 (Bolgiano-Obukhov), 1 (quasi-linear gravity
waves), and now with the more precise drop – sonde esti-
mates, Hv=0.60–0.75 (low to high altitudes, still not well
understood, Lovejoy et al., 2007). If this interpretation is
correct, then it brings into question a number of phenomeno-
logically based ideas including our ideas of convection. The
appendix brieﬂy discusses how the latter can be reconciled
with wide range horizontal scaling. For more on this debate,
see the online discussion.
The implications of these anisotropic scalings have not yet
been translated into a proper understanding of the inﬂuence
of vertical aircraft ﬂuctuations nor into the interpretation of
their measurements, nor into their signiﬁcance for our overall
understanding of the atmosphere. However, given the persis-
tently central role played by isotropic theories of turbulence,
the ramiﬁcations may take many years to fully discern.
Appendix A
A1 Reconciling wide range scaling and convection
Atmospheric convection is classically modelled by “two-
scale” meteorological theories which typically single out a
“convective scale” somewhere near the tropospheric scale
height (≈10–100km, e.g. Malkus and Reihl, 1958; Yano,
2009, comment in the discussion version of this paper). In
our analysis of the aircraft data we did ﬁnd evidence for a
scale break in the horizontal wind in this range – but we ar-
gued that it was a spurious consequence of the aircraft ﬂying
on isobars rather than on isoheights. In this appendix, we
outline how this reinterpretation is compatible with convec-
tive phenomenology and convective cloud data from Cloud-
Sat, we also summarize the more detailed online response to
Yano’s comments (indicated Reply) below.
The reinterpretation is based on a model in which the
underlying dynamical processes are anisotropic multiplica-
tive cascades with different exponents in the horizontal and
vertical directions. This has two consequences. First, that
structureswillsystematicallychangeshape/morphologywith
scale; in this case going from vertically oriented “cells”
at small scales to ﬂattened strata at large scales. Sec-
ond, the ﬁelds will have strong singularities (hence coher-
ent structures) distributed over sparse fractal sets (multifrac-
tals). With the help of simulations, we ﬁrst illustrate how this
explanation is compatible – at least in principle – with con-
vective phenomenology, then, using CloudSat reﬂectivities
(convection surrogates) where show that the latter do indeed
respect anisotropic cascades.
A2 The phenomenological fallacy
Figure A1 gives an illustrative example of anisotropic cas-
cade processes, with (roughly) the observed cascade param-
eters, yet each with a sphero-scale ls decreasing by factors
of 4 corresponding to zooming out at random locations. One
can see from the vertical cross-section (bottom row) that the
degree of vertical stratiﬁcation increases from left to right.
These passive scalar cloud simulations (liquid water density
bottomtworows, singlescatteringradiativetransfer, toprow)
show that by zooming out (left to right) diverse morpholo-
gies appear. Although a phenomenologist might be tempted
to introduce more than one mechanism to explain the mor-
phologies at different scales in the ﬁgure we simply seeing
the consequence of single underlying mechanism repeating
scale after scale. In Lovejoy and Schertzer (2007) we call
such inferences of mechanism from phenomena the “phe-
nomenological fallacy”. We argue that two-scale theories of
convection are incompatible with the data which is scaling,
andthatthedivisionintoqualitativelydistinctsmallandlarge
regimes is unwarranted.
A3 CloudSat estimates of horizontal-vertical relations
Rather than speculate about the possible relation between
horizontal and vertical scales in convective systems, we can
use CloudSat reﬂectivities (Z; a convection surrogate) to de-
termine the relationship directly. Indeed, the ﬂuctuations 1Z
implicitly determine horizontal/vertical relations. For exam-
ple, deﬁning 1Z as the absolute difference over a horizontal
lag 1x or a vertical lag 1z, (or absolute wavelet coefﬁcient)
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Fig. A1. Examples of continuous in scale anisotropic multifractals
in 3-D (256×256×64). The effect of changing the sphero-scale (ls,
see Sect. 3) on multifractal models of clouds with Hz=5/9. The
cloud parameters are: α=1.8, C1=0.1, H=1/3 (similar to Cloud-
Sat, aerosols, see below). From left to right decreasing ls corre-
sponding to zooming out by factors of 4 so that the we see the
initially vertically aligned structures (bottom left) becoming quite
ﬂat at scales 64times larger (right). At the same time, the horizon-
tal structures have anisotropy characterized by the matrix G=((0.8,
−0.02), (0.02, 1.2)) so that they too change orientation, elongation
(the horizontal sphero-scale starts at 1pixel, far left). The middle
row is false colour of the liquid water density ﬁeld, the bottom row
is the corresponding vertical sections (side view), the top row is
the corresponding single scatter visible radiation, the mean optical
thickness is 2, isotropic scattering phase function, sun incident at
45◦ to the right.
for each horizontal extent 1x we can ﬁnd the corresponding
vertical extent 1z(1x) by solving the implicit equation for
the ensemble averaged ﬂuctuations:
h1Z(1z)i = h1Z(1x)i.
Figure A2 shows the result on 16 CloudSat orbits, for ﬂuc-
tuations deﬁned from orbit by orbit averages as well from an
ensemble average over all the orbits. The mean of the indi-
vidual orbit by orbit 1z(1x) curves and the ensemble are
nearly identical; the orbit to orbit spread is shown as one
standard deviation curves above and below (the curves are
occasionally double-valued along the 1x axis due to statisti-
cal ﬂuctuations). In addition to the empirical curves, we have
provided two theoretical reference lines with slopes Hz=5/9,
1. The former is the prediction of the 23/9 D model of at-
mospheric dynamics discussed in section 3 and accurately
conﬁrmed for aerosols in Lilley et al. (2004), the intersec-
tion of two lines is the “sphero-scale” i.e. the scale where the
structures are roundish, here on average at about 100m (in-
cidentally, the bisectrix is the prediction of isotropic 3-D tur-
bulence). Structures at larger scales are ﬂat, while at smaller
scales they are elongated in the vertical. Although the expo-
nents for Z and for lidar aerosol backscatter are nearly iden-
tical (given by the theoretical anisotropic Corrsin-Obhukov
values), the corresponding sphero-scales ls are about a fac-
tor 1000 larger (although as can be seen from the error,
Fig. A2. A space (horizontal) - space (vertical) diagramme esti-
mated from the absolute reﬂectivity ﬂuctuations from 16CloudSat
orbits. Reference lines have slopes 1, 5/9, see text.
Fig. A3. This shows the theoretical shapes of average vertical
cross-sections using the CloudSat derived mean parameters from
Fig. 2: Hz=5/9, with sphero-scales 1km (top), 100m (middle),
10m (bottom), roughly corresponding to the geometric mean and
one standard deviation ﬂuctuations. The distance from left to right
is 100km, from top to bottom is 20km. It uses the canonical scale
function given in Eq. (7). The top ﬁgure in particular shows that
structures 100km wide will be about 10km thick whenever the
sphero-scale is somewhat larger than average.
there is a large scatter; the mean of log10 ls with ls in km
is ≈−1.6±0.9 i.e. one standard deviation bars are 5m to
500m, geometric mean 50m). Figure A3 shows the cor-
responding average contours of cloud reﬂectivity structures
showing how they very gradually tend to rounder shapes at
the larger scales.
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